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Abstract 

We revisit the standard argument to estimate the scale of new physics (NP) 
beyond the SM, based on the sensitivity of the Higgs mass to quadratic diver- 
gences. Although this argument is arguably naive, the corresponding estimate, 
Asm ~ 2 — 3 TeV, works reasonably well in most cases and should be considered a 
conservative bound, as it ignores other contributions to the Higgs mass which are 
potentially large. Besides, the possibility of an accidental Veltman-like cancella- 
tion does not raise significantly Asm- One can obtain more precise implications 
from fine-tuning arguments in specific examples of NP. Here we consider SUSY 
and right-handed (seesaw) neutrinos. SUSY is a typical example for which the 
previous general estimate is indeed conservative: the MSSM is fine-tuned a few 
%, even for soft masses of a few hundred GeV. In contrast, other SUSY scenarios, 
in particular those with low-scale SUSY breaking, can easily saturate the general 
bound on Asm- The seesaw mechanism requires large fine-tuning if Mr ^ 10 7 
GeV, unless there is additional NP (SUSY being a favourite option). 
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1 Introduction 



It is commonly assumed that the Big Hierarchy Problem of the Standard Model (SM) 
indicates the existence of New Physics (NP) beyond the SM at a scale A SM < few TeV. 
The argument is quite simple and well known. In the SM (treated as an effective theory 
valid below Asm) the mass parameter in the Higgs potential, m 2 , receives important 
quadratically-divergent contributions. At one-loop [1], 

V* 2 = ^ (3/ + g' 2 + 8A - 8A^)Ag M , (1) 

where g, g', A and X t are the SU (2) x U(l)y gauge couplings, the quartic Higgs coupling 
and the top Yukawa coupling respectively. In terms of masses 

6qTn2 = le^v (2m ^ + m ' z + m2h ~ 4m * ) A ' M ' (2) 

where = g 2 v 2 /A, m| = (g 2 + g' 2 )v 2 /A, m| = 2Xv 2 and m 2 t = X 2 v 2 /2, with v = 246 
GeV. Upon minimization of the potential, this translates into a dangerous contribu- 
tion to the Higgs vacuum expectation value (VEV) which tends to destabilize the 
electroweak scale. The requirement of no fine-tuning between the above contribution 
and the tree-level value of m 2 sets an upper bound on Asm- E.g. for m h = 115 — 200 
GeV 

m 2 

where we have used m\ = 2m 2 [valid in the approximation of disregarding terms beyond 
0(h 4 ) in the Higgs potential]. This upper bound on Asm is in a certain tension with 
bounds on the suppression scale of higher order operators derived from fits to precision 
electroweak data [2], which require A > 10 TeV or even higher for some particularly 
dangerous operators (e.g. if they are flavour non-conserving). This is known as the 
"Little Hierarchy" problem, and implies that the NP at Asm should be "clever" enough 
to be consistent with these constraints, giving some hints about its properties. E.g. 
non-strongly-interacting, flavour-blind NP is favoured. 

The previous "Big Hierarchy" argument leads to an optimistic prospect, as it sets 
the scale of NP on the reach of LHC. However, as stressed in ref. [3], Asm could be 
much larger if the Higgs mass lies (presumably by accident) close to the value that 
cancels S q m 2 in (2). At one-loop this is the famous Veltman's condition [1] 

2m 1 w + m 2 z + m 2 h - Am 2 ~ , (4) 
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Figure 1: Fine-tuning contours corresponding to Aa = 10 and 100, i.e. 10% and 1% fine-tuning, 
respectively. 

which is fulfilled for ~ 307 GeV 1 . At higher order the condition becomes cut-off 
dependent [5] 



where Aj are the couplings of the SM and c (Aj) = (3g 2 +g /2 +8A— 8A^), the combination 
that appears in the one- loop Veltman correction. Eq. (5) is nothing but Co(Aj) evaluated 
at the cut-off scale A and therefore contains the leading-log corrections to all orders. 
However, it does not include subleading (finite and next-to-leading-log) contributions 
which are not important for moderate values of A [3]. The results of ref. [3], obtained 
by working at two-loop leading-log, are summarized in the fig. 2 of that paper, which is 
similar to our fig. 1, to be discussed in the next section. There, the lines of 10% and 1% 
fine-tuning show a throat (sometimes called "Veltman's throat"), which corresponds 
to eq. (5). More precisely, the plot indicates that if ~ 210 — 225 GeV, A SM could 
be <; 10 TeV with no fine-tuning price and no Little Hierarchy problem. Incidentally, 
this solution would be far more economic than Little Higgs models [6]. (Likewise, a 
Little Higgs model with in the above range would lack genuine motivation.) On 
the negative side, this means that if nih is in this range, NP might escape detection at 



In this paper we re-examine the use of the Big Hierarchy Problem of the SM to ex- 
Extended models constructed to lower this value have been considered in ref. [4]. 
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tract information about the size of Asm, illustrating our general results with physically 
relevant examples. 

In section 2 we consider the possibility of living near a Veltman's condition. In 
contrast with previous discussions in the literature, we show that this potential circum- 
stance does not reduce the amount of fine-tuning (once it is evaluated in a complete 
way), so that the upper bound on Asm is not affected much at present. 

In section 3, we examine the limitations of the Big Hierarchy argument to esti- 
mate the scale of new physics. We argue that the reasoning, as usually presented and 
summarized above, is too naive. However, quantitatively, the corresponding estimate 
for the upper bound on Asm turns out to work reasonably well in most cases, and, 
indeed, it should be considered a conservative bound, as it ignores potentially large 
contributions to the Higgs mass parameter. 

In section 4, we analyze two physically relevant examples of NP: right-handed (see- 
saw) neutrinos and supersymmetry (SUSY). We discuss how, in the context of the SM, 
the seesaw mechanism produces a very important fine-tuning problem which claims 
for the existence of additional NP. On the other hand SUSY illustrates the fact that 
the "naive" bound is indeed conservative. E.g. the MSSM is quite fine-tuned even for 
soft masses of a few hundred GeV. We discuss how other SUSY scenarios, in particular 
those with low-scale SUSY breaking, can easily evade the problematic aspects of the 
MSSM, essentially saturating the general bound. 

Another example of new physics, namely Little Higgs models, deserve a separate 
analysis and will be the subject of a companion paper. 

Finally, we summarize and present our conclusions in section 5. 



We start our analysis by re-examining the argument that led to the expectation of a 
fine-tuning throat, as presented in the previous section. To quantify the tuning we 
follow Barbieri and Giudice [7]: we write the Higgs VEV as v 2 = v 2 (pi,p 2 , ■ ■ ■), where 
Pi are initial parameters of the model under study, and measure the amount of fine 
tuning associated to pi by A Pi , defined as 



2 Remarks on the shape of Veltman's throat 
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Figure 2: Same as fig. 1 for Aa = 10 and three different values of the top mass. 

where 8M\ (or Sv 2 ) is the change induced in M| (or v 2 ) by a change 5pi in p^. Roughly 
speaking A" 1 measures the probability of a cancellation among terms of a given size 

to obtain a result which is A„. times smaller. 

Pi 

The discussion of the previous section concerns the dependence of v 2 on the scale 
Asm- Indeed, plotting the lines of Aa = 10, 100 in the (rrih, A) plane, as shown in fig. 1, 
we obtain curves similar to the 10% and 1% curves in fig. 2 of ref. [3] 2 , as discussed in 
the Introduction, reproducing the throat already mentioned. 

Our first remark has to do with the fact that, besides A, there are other relevant 
parameters which are not yet measured with extreme precision. The most notable case 
is the top mass, which, according to the latest experimental data [8], is 

M t = 178 ±4.3 GeV . (7) 

Although this uncertainty is remarkably small, it should not be ignored for fine-tuning 
issues. Figure 2 shows three curves with Aa = 10, corresponding to M t = 173.7, 178 
and 182.3 GeV. The value of Aa should be averaged over all the allowed ranges of 
variation of the unknown parameters 3 , and in this case this averaging has the effect of 
cutting the throat at A ~ 10 TeV. This is characteristic of fine-tuning arguments: since 
2 We compute the whole leading log contribution to <5 q m 2 , using eq. (5). 

3 This can be understood by noting that, for a fixed value of Mt, Aa has the statistical meaning 
of Aa ~ £a/A, where eA is the range of A- values that implement the desired cancellation, giving 
(h) 2 < (246 GeV) 2 [9]. Once the uncertainty in M t is considered, the total fine-tuning is A ~ 
J a dM t e\{Mt)/ / dAfjA — (1/c) J a dM t A^iMt), where a is the experimentally allowed range for 
Mt- 
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Figure 3: Contour plots of A = 10, 100. Left: with A as denned in eqs. 
defined in eq. (10). 



9). Right: with A as 



they are based on statistical considerations, the conclusions may vary according to our 
partial (and time-dependent) knowledge of the relevant parameters in the problem. An 
alternative way of taking into account the uncertainty in A and M t simultaneously is 
to add Aa and A\ t in quadrature (where the running top mass is m t = \v/\/2): 



Aa 



A l t 



1/2 



(8) 



Since At should only vary within the experimentally allowed range, we modify the 
definition of A At as 



a A* v 1 At 

(see ref. [9] for a discussion of this point). In figure 3 (left plot), which shows the 
A = 10, 100 curves, we indeed see a cut at A ~ 10 TeV for A = 10. All this means 
that, in the absence of any theoretical reason to be at Veltman's throat, or of precision 
measurements showing that we are really there, fine-tuning arguments put an upper 
limit on the value of AgM . 

Our second remark concerns the fact that itself (and thus the quartic Higgs 
coupling, A) is not known at present. Therefore the previous results, in particular the 
left plot in fig. 3, correspond to a future time when nih will be known. For instance, if 
LEP's inconclusive evidence for rrih — 115 GeV [10] gets confirmed, then one expects 
A SM < 1.4 TeV. At present one should average all the possible values of m^, say in the 
range 115 GeV < < 600 GeV, which gives the result A SM ~ 2.5 TeV. Again, we 
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can alternatively add in quadrature Aa to obtain the global fine-tuning, 

A = (Ai + Al t + Alf 12 . (10) 

The corresponding curve for A = 10 is shown in the right plot of fig. 3, which corre- 
sponds to the present status of the problem. A SM depends slightly on m h , being always 
below 4 TeV. In average, Ag^ < 2.5 TeV. 

3 Limitations of the use of the hierarchy problem 
to estimate Asm 

Besides the previous subtleties about the shape of Veltman's throat, there are more 
general caveats about using the hierarchy problem to estimate the scale of new physics. 
The argument, as usually presented and summarized in the Introduction, implicitly 
assumes that the job of the new physics is to cancel the dangerous contributions of the 
SM diagrams for momenta above Asm, leaving uncancelled the quadratically divergent 
contributions evaluated in the SM and cut off at A SM (except for artificial tunings or 
fortunate accidents). However, the effects of the new physics do not enter in such an 
abrupt and sharp way. Generically, the new diagrams give a non-negligible contribution 
already below A S m, and do not cancel exactly the SM contributions above A S m 4 - 
Remnants of this imperfect cancellation are finite and logarithmic contributions from 
NP, which are not simply given by the SM divergent part cut off at Asm- The familiar 
example is SUSY, where the cancellation of the quadratically divergent contributions 
between the SM and the NP particles automatically occurs for all momenta, even after 
the breaking of SUSY. 5 If the only problem were this type of contributions, the scale 
of SUSY breaking (and thus Asm) could be as large as desired. Of course, this is not 
so because of the presence of other dangerous logarithmic and finite contributions to 
the Higgs mass parameter, m 2 , from superpartners. For instance, the stop sector, t, 
contributes 

W = -^|m?log^. (11) 



4 For related criticisms to the use of effective Lagrangians to estimate the effects of new physics see 
[11]. 

5 From the point of view of the effective theory, the NP contributions are threshold effects that are 
absorbed in the tree-level Higgs mass parameter of the effective Lagrangian with just the right size to 
implement the cancellation. 
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This contribution does not cancel if SUSY is broken, setting finally the bound A S m — 



mi < few hundred GeV. 6 

The supersymmetric example clearly shows that Veltman's condition may be irrel- 
evant for estimating Asm- In SUSY the quadratically-divergent contributions to m 2 
are cancelled anyway, with or without Veltman's condition; but there are dangerous 
contributions from new physics, which do not cancel (in principle), and are totally 
unrelated to Veltman's condition. 

The previous discussion can be generalized in a straightforward way. For this mat- 
ter, it is convenient to write the general one-loop effective potential using a momentum 
cut-off regularization, V — Vq + V\ + • • • , with 



V = \m 2 h 2 + -\h A 



V l = 
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64tt 2 
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A 2 



1 



+ o 



A 2 



(12) 
(13) 



where h is the (real and neutral) Higgs field, the supertrace Str counts degrees of 

freedom with a minus sign for fermions, and M 2 is the (tree-level, h— dependent) 

mass-squared matrix. The one-loop contribution to the Higgs mass parameter is 

2 d 2 V, 
dim = 



dh 2 
1 

32T 2 



h=0 



Str 



d 2 M 2 {, 2 A „ 2l M 2 ' 
A 2 + M log ■ 



dh 2 
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\ m 2 : 

log^ + l 



(14) 



h=Q 



We will now separate the supertraces as sums over SM and NP states. The masses 
of the (lightest) NP states act as the effective SM cut-off, A S m, but it is convenient to 
consider the possible existence of a High- Energy cut-off 7 , A H e, since the NP may not 
be yet the truly fundamental theory. This is schematically represented in fig. 4. A H e 
can be as large as the Planck scale or much lower, close to the masses of the NP states. 
Then 
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(15) 



h=0 



6 This bound is actually stronger than suggested by the simplest argument based on the size of the 
quadratically-divergent contributions, i.e. Asm ~ 2 — 3 TeV. The reasons will be discussed in sect. 4. 

7 This set-up can change if, above Asm, the Higgs shows up as a composite field and/or new space- 
time dimensions open up. However one might expect that the new degrees of freedom would play a 
similar role as the NP states considered here, so that the conclusions might not differ substantially. 
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Figure 4: Schematic representation of the spectra associated to the various scales of the theory: 
Standard Model (SM), New Physics (NP) beyond the Standard Model and the high energy cut-off. 

where m a , N a (my,, N b ) represent the mass and multiplicity, with negative sign for 
fermions, of the SM (NP) states, and A = Ahe- From the SM contributions, only 
the quadratically divergent ones are dangerous. The other terms are vanishing, except 
for the contribution of the Higgs field itself, which is not large. On the other hand, all 
NP contributions (quadratic, logarithmic and finite) are potentially dangerous. Now 
several situations might take place: 

i) There are no special cancellations among the different contributions in eq. (15). In 
that case the simple (Big Hierarchy) argument, based on the size of the quadratic 
contributions, and the corresponding bound A < 2 — 3 TeV, apply. The argument 
is clearly a conservative one due to the presence of extra contributions, which are 
discussed below. 

it) The SM quadratically divergent contributions cancel (maybe approximately) by 
themselves, i.e. they are close to Veltman's condition. This is the situation 
discussed in the previous section. There we saw that, in the absence of a fun- 
damental reason for the exact cancellation, one expects NP not far from the 
TeV scale ("Veltman's throat" is always cut). But, clearly the new states re- 
introduce the problem [second line of eq. (15)]: even if these new states do not 
give new quadratically divergent contributions, fine-tuning considerations require 
also m b = A SM < 2 — 3 TeV, as discussed next. 

in) The SM and NP quadratically divergent contributions cancel each other, i.e. 



SM d 2 m 2 



dh 2 



M ' d 2 m 2 b 
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dh 2 

h=0 b Ulb 



8 



= 0. (16) 



This occurs naturally in SUSY and little-Higgs models. But, again, the logarith- 
mic and finite NP contributions in eq. (15) are also dangerous and, as in case ii), 
re-introduce the problem, albeit in a softer form. Notice also that these contribu- 
tions (unlike the quadratic ones) show up in any regularization scheme, differing 
only in the value of the finite pieces. For future use, we write them in the MS 
scheme 8 

, (17) 

h=0 

where Q is the renormalization scale, to be identified with the cut-off scale, A. 
Quantitatively, these contributions are roughly similar to the SM quadratically- 
divergent one, replacing A — > m b = A SM . This gives the basis for the estimate 
of the "naive" Big Hierarchy argument discussed in the Introduction. However, 
new parameters not present in the SM might enter through the nib masses and, 
moreover, the presence of the logarithmically-enhanced terms makes the new 
contributions typically more dangerous than the SM estimate (as happens for 
instance in the supersymmetric case commented above). Hence, from fine-tuning 
arguments we can keep m& = Asm ^2 — 3 TeV, as a conservative bound. 

Of course, if the NP is itself an effective theory derived from a more fundamental 
one, further extra states [which could have 0(M P ) masses] would be even more 
dangerous, unless their contributions are under control for some reason. The only 
clear example of this desirable property occurs when the theory is supersymmet- 
ric. 

iv) It may happen that, besides the cancellation of quadratic contributions, the other 

dangerous contributions also cancel or are absent. In the MS scheme this means 

that eq. (17) vanishes. This could happen by accident or for some fundamental 

reason. In either case, the scale of new physics could be really much larger than 

a few TeV. The obvious remark is that no such fundamental reason is known. 

In its absence, one has to average over the possible ranges of variation of the 

parameters defining the new physics (e.g. the soft masses for the MSSM). In this 

way the usual result A SM < 2 — 3 TeV is generically recovered. 

8 For simplicity we are using the DR variation of the MS scheme, so that all finite pieces in (17) 
have the same coefficient, independently of the nature of the b— states. 
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To be on the safe side, however, one should not disregard completely the possi- 
bility that eq. (17) could be vanishing, which would allow for a very large Asm- 
It is fun to imagine some scenarios of this kind. E.g. if the NP states get 
masses through conventional Yukawa couplings (this is the case of a fourth gen- 
eration), eq. (17) vanishes. Notice that, strictly speaking, those extra states do 
not represent a genuine new scale of physics as their masses arise from the elec- 
troweak breaking scale. In any case, the cancellation of the quadratic divergences 
would require to be close to a (modified) Veltman's condition, and the discussion 
of point ii) above would follow. In addition, a heavy fourth generation would 
have problems of perturbativity and stability of the Higgs potential, among oth- 
ers. Another possibility is that the SM is close to Veltman's condition and the 
new physics corresponds to heavy supersymmetric representations [possibly plus 
0(TeV) soft breaking terms] (such partially-supersymmetric models have been 
already considered in the context of extra dimensions [12]). A further possibility 
will be discussed at the end of sect. 4. 

Although the previous examples do not seem realistic, it is not unconceivable 
that the unknown fundamental physics is smart enough to implement naturally 
a cancellation of eq. (17), as SUSY does with the quadratic divergences. In that 
case fine-tuning arguments would be misleading. 

Leaving aside the last caveats, it follows from the previous discussion that the "naive" 
procedure to estimate the scale of NP, by considering the SM quadratically-divergent 
contribution with A — > Asm, works reasonably well in most cases. Actually it is a 
conservative one, since it disregards unknown contributions that tend to be larger. 
On the other hand, it is not reliable to make more detailed statements based on this 
argument. In particular, the conditions for the cancellation (or quasi-cancellation) 
of the SM dangerous contributions are in principle unrelated to the cancellation of 
the unknown dangerous contributions. At this point the effective theory is unable to 
provide information about the dangers of the new physics. 

Therefore, to derive more accurate implications for new physics from fine-tuning 
arguments, one should consider specific possibilities for physics beyond the SM. We 
examine two relevant examples in the rest of the paper. 
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4 Examples of New Physics 
4.1 Right-handed seesaw neutrinos 

The simplest extension of the ordinary SM is obtained by adding right-handed neu- 
trinos, v R (one per family). The usual goal is to describe neutrino masses, either by 
conventional Yukawa couplings or through a seesaw mechanism. The latter is probably 
the most elegant mechanism to explain the smallness of neutrino masses. Then, the 
SM Lagrangian is simply enlarged with 

C v = -v R m D v L - \> R M R v T R + h.c. , (18) 

where mp is the Dirac mass matrix [m D = —\ v hj y/2, where \ u is the neutrino Yukawa 
coupling, a matrix in flavour space) and M R is the Majorana mass matrix for right- 
handed neutrinos. For our purposes it is enough to consider a single neutrino species, 
so that the above matrices reduce to numbers. For M R ^> m 2 D , the two mass-squared 
eigenvalues are 

< = Ml + 2ml + o(^ . (19) 

The lightest eigenstate is part of the effective low-energy theory and does not contribute 
radiatively to the Higgs mass parameter, as it is apparent from eq. (15). The heaviest 
one, however, contributes not only to the quadratic divergence, but also to the finite 
and logarithmic parts of 5\m 2 : 

A 2 , 



5,,m = 



16tt 2 



2A 2 + 2M 2 log^| 



(20) 



This equation is a particularly simple example of the second line of eq. (15) and illus- 
trates the general discussion of the previous section. In particular, even if the quadrat- 
ically divergent contributions of the SM cancel the one of eq. (20) (which, incidentally, 
means that Veltman's condition is modified by undetectable physics), there are other 
dangerous contributions which do not cancel. In other words, this represents a new 
manifestation of the hierarchy problem [13] since a cancellation between the quadratic 
and the logarithmic and finite contributions would be completely artificial and depends 
on the choice of renormalization scheme. 
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The logarithmic and finite contributions are especially disturbing as their size is as- 
sociated to Mr (which is expected to be very large) and show up in any renormalization 
scheme. In the MS scheme [see eq. (17)] 



5, MS m 2 



X 2 

8tt 2 r 



log 



M 



R 



A 2 



- 1 



(21) 



where we have already set Q = A. Now it is easy to obtain a lower bound on the size 
of M R from the request of no fine-tuning. Demanding 



S u m 2 



<A, 



(22) 



requires 

M R < 10 7 GeV A 1/3 



m h \ 2 / 3 
200 GeV/ 



-1/3 



i A * 
l0g M| + 1 



5 x 10~ 2 eV 

Hence, for any sensible value of A, we obtain a quite robust bound 

M R < 10 7 GeV , 



-1/3 



(23) 



(24) 



which can only be satisfied if the neutrino Yukawa coupling is very small, \ u < 10~ 4 . 
This is possible, but spoils the naturalness of the seesaw mechanism to explain the 
smallness of m v . 

Of course, the previous bound has been obtained under the assumption that the 
only NP are the right-handed neutrinos. In a SUSY scenario, the contribution of 
their scalar partners (sneutrinos) render S u m 2 small and not dangerous. The obvious 
conclusion is that, in the context of the SM, the seesaw mechanism suffers a very 
important fine-tuning problem which cannot be evaded by invoking e.g. a Veltman- 
like cancellation of the quadratically divergent contributions to m 2 . Thus the seesaw 
mechanism claims for the existence of additional NP. In this sense, SUSY seems to be 
the favourite framework to accommodate it. 

4.2 SUSY 

SUSY is the paradigmatic example of a theory in which the quadratically divergent 
radiative corrections of the SM are cancelled by those coming from new physics, beau- 
tifully realizing eq. (16). The new particles introduced by SUSY (gauginos, sfermions 
and higgsinos) have masses of the order of the scale of the soft breaking terms, 0(m so{t ). 
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In the scheme of fig. 4, m^ ~ m so ft- According to the general discussion in point Hi) 
of sect. 3, despite the cancellation of the quadratic corrections, logarithmic and finite 
contributions due to the new states lead to the usual (but conservative) fine-tuning 
upper bound m& = Asm ~ 2 — 3 TeV. 

In fact, according to the usual analyses, in the Minimal Supersymmetric Standard 
Model (MSSM), the absence of fine tuning requires a more stringent upper bound, 
namely m soft < few hundred GeV [7,9,14,15]. Actually, the available experimental data 
already imply that typically the ordinary MSSM is fine-tuned at the few percent level. 
The reasons for this abnormally acute tuning of the MSSM have been reviewed in 
refs. [3,15] (for related work see refs. [7,9,14]), and we summarize and update them 
here for the sake of completeness. 

MSSM 

In the MSSM the Higgs sector consists of two SU (2) L doublets, H u H 2 . The (tree-level) 
scalar potential for their neutral components, H® 2 , reads 

^MSSM = + _ {mlH H + h c ) + 1 {g 2 + g a m ? _ |jfJ |2)2) (25) 

with m 2 2 = fi 2 + m 2 Hl 2 and m 2 = Bfi, where m 2 H . and B are soft masses and /i is 
the Higgs mass term in the superpotential, W D fiHi ■ H 2 . Minimization of \/ MSSM 
leads to VEVs for H® and H® . Along the breaking direction in the H®, space, 
h = (cos/5 ReH° + sin(3ReH$) (with tan/3 = (H$)/{H%)), the potential (25) can 
be written in a SM-like form: 

V = -m 2 h 2 + \\h^ , (26) 
2 4 

where A and m 2 are functions of the initial parameters, which for the MSSM are the 
soft masses and the fx— parameter at the initial (high energy) scale. Note in particular 
that m 2 contains at tree-level contributions of order m 2 oft and fi 2 . Minimization of (26) 
gives the usual SM-like result 

v 2 = (h 2 ) = . (27) 

Now, m 2 contains contributions ~ "^soft already at tree-level. So, roughly speaking, 
A ~ m 2 tt/ (Av 2 ) and the absence of fine-tuning at the 10% level requires m 2 oft < 10m 2 ~ 
5m 2 , i.e. m so ft ~ few hundred GeV. Notice also that the larger the tree-level value of 
mh the smaller the fine-tuning, which is a very generic fact. 
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Since the soft masses do not need to be degenerate, it could happen that those of the 
Higgses are smaller than e.g. those of the squarks, and so the previous bound does not 
translate automatically into a bound on squark masses. However, squark masses enter 
in m 2 through logarithmic and finite loop corrections [given by eq. (15)]. In particular, 
the contribution from the stop sector has already been written in (11), where it is clear 
that the loop factor is largely compensated by the multiplicity of states, the sizable top 
Yukawa coupling and the logarithmic factor 9 . These corrections can also be viewed, 
and computed more precisely, as the effect of the RG running of m 2 from the high scale 
down to the electroweak scale. The consequence is that the absence of fine-tuning puts 
upper bounds on the soft masses, which are even stronger than those from the previous 
"tree- level" argument. Namely, at the initial high-energy scale, all soft masses (at least 
those of the third-generation sfermions and the gluino) are confined to the £ 200 GeV 
region in order to avoid a fine-tuning larger than 10%. 

This situation is worsened by the smallness of the quartic Higgs coupling. At tree- 
level A = (1/8) (g 2 + g' 2 ) cos 2 2/3 which sets the upper bound ml ~ 2Xv 2 < Mf cos 2 2(3. 
The value of A (and thus mj) increases due to radiative corrections, and this reduces 
in principle the fine-tuning. These corrections, which depend also on the soft masses 
as 5 ra dA oc log(m 2 oft /m 2 ), modify the theoretical upper bound on m h in the MSSM as 

m 2 h < Mf cos 2 2(3+^- 2 log + ... (28) 

2n z v z mf 

where m t is the (running) top mass and M S usy oc m soft is an average of stop masses. 

These radiative corrections are indeed mandatory in order to increase beyond the 

experimental bound, m h > 115 GeV. The problem is that a given increase in m 2 o{t 

reflects linearly in the partial contributions to m 2 and only logarithmically in A (and 

ml), so the fine tuning A ~ 2m 2 oft /m 2 1 gets usually worse. Since these corrections are 

mandatory, one is forced to live in a region of relatively large soft masses, m so ft > 300 

GeV, which implies a substantial fine-tuning, A > 20 [7,9,14,15]. 

It is interesting to note that the recent shift in the measured top mass, as quoted 

in eq. (7), has a positive impact (modest but not negligible) on the MSSM fine-tuning. 

The 4 GeV increase of the central value of M t (from 174 GeV to 178 GeV) implies 

that the radiative corrections to the Higgs mass in (28) are larger, so that stop soft 

9 Actually, these effects are needed for the usual mechanism of radiative breaking of SU(2) x 17(1), 
since they naturally provide a negative contribution to m 2 . 
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masses can be smaller, thus reducing the fine tuning. It is not difficult to estimate 
the improvement in A from eq. (28). For a given value of rrih a (positive) shift of m t 
reflects on a (negative) shift of M| USY : 

SM * aSY ~ l 10- 3 GeV~ 2 (ml - Mf cos 2 2/3) - l] ~ -8 ^ , (29) 



M SUSY " m t 



'SUSY 

where the last figure corresponds to large tan/3 (> 8) and m h = 115 GeV, which 
is the most favorable case for the fine-tuning in the MSSM. Since the value of A 
is approximately proportional to m 2 o{t (for more details, see the discussion around 
eq. (15) of ref. [15]), we conclude that the 4 GeV increase of the experimental value 
of the top mass leads to a 20% decrease of A. A former typical value A = 35 ± 9 for 
M t = 174.3 ± 5.1 GeV becomes now A = 28 ± 7 for M t = 178 ±4.3 GeV. (A numerical 
calculation of A confirms the accuracy of this estimate.) 

Other scenarios 

As discussed above, the fine tuning of the MSSM is much more severe than naively 
expected due, basically, to the smallness of the tree-level Higgs quartic coupling, A tre c 
and, also, to the large magnitude of the RG effects. Any departure from the ordi- 
nary MSSM that improves these aspects will also potentially improve the fine-tuning 
situation. In particular, a larger A tree can be obtained in models with extra dimen- 
sions opening up not far from the electroweak scale [16], or by extending either the 
gauge sector [17] or the Higgs sector [18] (as it happens in the NMSSM [19]). Another 
possibility, which simultaneously increases A tre e and reduces the magnitude of the RG 
effects, is to consider scenarios in which the breaking of SUSY occurs at a low scale 
(not far from the TeV scale) [20-23] . One may wonder if it is possible in any of these 
scenarios to saturate the generic fine-tuning upper bound Asm ~ 2 — 3 TeV, discussed 
in sect. 3. This is actually the case, at least in the latter scenario, which we briefly 
discuss next. 

There are two scales involved in the breaking of SUSY (SUSY"): \/~F, which cor- 
responds to the VEVs of the relevant auxiliary fields in the SUSY' sector; and the 
messenger scale, M, associated to the non-renormalizable interactions that transmit 
the breaking to the observable sector. These non-renormalizable operators give rise 
to soft terms (such as scalar soft masses) and also hard terms (such as quartic scalar 
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couplings): 




M 2 ' 



A 



M 4 



F 2 




M 2 



(30) 



Naturalness requires m so ft < 0(1 TeV), but this does not fix the scales \[F and M 



der (thus not far from the TeV scale), which corresponds to low-scale i>USY~ scenarios 
[20-23]. In this framework, the hard terms of eq. (30), are not negligible and the 
isUSY contributions to the Higgs quartic coupling can be easily larger than the ordi- 
nary MSSM value. As a consequence, the tree-level Higgs mass can be much larger 
than in the MSSM, radiative corrections are not needed, and the scenario can be easily 
consistent with experimental bounds with virtually no fine-tuning. 

The value of A S m is given by the masses of the extra particles. As for the MSSM, 
upper bounds on these masses are obtained by requiring that the tree-level and the 
radiative contributions to m 2 are not too large, in order to avoid fine-tuning. Again as 
in the MSSM, the tree-level contributions are generically 0(m 2 oh ), so that the absence 
of fine-tuning requires m so ft ~ few hundred GeV. 

This seems to be a very generic fact of any SUSY scenario, but it only affects the 
(extended) Higgs sector. In other words, fine-tuning considerations imply that in a 
generic SUSY framework there are new states from the Higgs sector below 1 TeV. 
Actually, the argument extends to Higgsinos, as they get masses 0(/i), which should 
be of the same order as the Higgs soft masses (note that a significant mixing with 
gauginos only occurs if the gaugino soft masses are also small). 

On the other hand, bounds on squark and gluino masses come from the radiative 
corrections to m 2 . In the low scale JSUSY" framework, these contributions are much 
smaller than in the MSSM, since the logarithmic factors are 0(1). E.g. from the 
stop contribution written in eq. (11), a 10% fine-tuning in the Higgs mass requires 
mi < 7 — 10ra/i, which for nih = 250 — 350 GeV saturates the bound Asm ~ 2 — 3 TeV. 
These values for the Higgs mass may not be favoured by the present electroweak data, 
but in any case they can be easily reached in the framework of low-scale J3USY' [15]. 

A peculiar SUSY scenario 

We have seen how in generic SUSY models the usual fine-tuning bound A SM < 2 — 3 TeV 
holds, although in many cases the bound is more stringent due to finite and logarithmic 
contributions to m 2 , which have no reason to cancel. However, it is amusing to think 



separately. So, unlike in the MSSM, the scales a/F and M could well be of similar or- 
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of a scenario of the type iv) discussed in section 3, where this additional cancellation 
takes place, i.e. where eq. (17) vanishes. 

If a non- accidental cancellation occurs in (17), a plausible possibility seems to re- 
quire universality, i.e. rrib(h — 0) = rh, for all particles beyond the SM ones. This 
universality does not exactly coincide with the universality of the soft breaking terms 
usually invoked in MSSM analyses. The differences occur in the Higgs/higgsino sector: 
degeneracy of higgsinos with the other states requires adjusting also the \i parameter. 
Besides, now the Higgs soft masses are not equal to the other soft masses; instead, they 
have to be adjusted so that one Higgs doublet (some combination of Hi and H 2 ) is 
heavy and degenerate with the other states while the orthogonal combination is kept 
light and plays the role of the SM Higgs. 

We will be interested in considering the possibility of m > mw even if this is 
against the usual naturalness argument for bounding the soft masses in the MSSM. In 
this universal case, eq. (17) reads 



C S ™ 2 



1 



NP 



32tt 2 



rh 2 



~ i 
m 



d 2 ml 



dh 2 



+ log 



~ 2 

m 



dm 2 



h=0 



Q 2 1 dh 



h=0. 



(31) 



The logarithmic and finite contributions in this expression have a clear interpretation 
in the language of effective field theories. The logarithms can be interpreted as coming 
from RG running beyond the scale rh, while the finite contributions can be interpreted 
as threshold corrections coming from integrating out the physics at rh. In fact this 
threshold correction is just <5^p m 2 evaluated at the scale Q = rh. In this section we 
will require only that this threshold correction vanishes and therefore we disregard the 
possible effects from running beyond the scale rh. (In other words, we are imposing 
the universality condition at Q — rh.) Needless to say, such effects might spoil the 
electroweak hierarchy (unless rh is the cut-off scale in the fundamental theory, see 
below) but we are being conservative and only require that the NP particles at rh do 
not destabilize that hierarchy themselves. After setting then Q = rh we get 



~ 2 NP 



5™m 2 (Q = m) = -^-j:N b 



d 2 ml 



(32) 



h=0 



32tt 2 Y dh 2 

Using now the fact that the theory is supersymmetric and there is a cancellation of 
quadratic divergences, we can use (16) to rewrite (32) in the form 

,2 SM d 2 m 2 



5^m 2 (Q = rh) 



m 
32^2 



dh 2 



(33) 



h=0 
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This result is interesting because it involves only SM particles 10 and therefore the 
potentially large quantity m 2 (Q = fh) is proportional to the same combination 
of couplings that appears in Veltman's condition. In this very peculiar scenario then, 
imposing Veltman's condition would also work for the cancellation of the dangerous 
contributions of NP particles. 

The first concern is that Veltman's condition can be satisfied in the SM by adjusting 
the unknown Higgs mass, while in the MSSM there are strong bounds on the latter. 
In fact, Veltman's "prediction", rrih ^ 307 GeV seems to be hopelessly large for the 
MSSM. However, this not so: as we have seen, RG effects are important to evaluate a 
refined value of rrih coming from Veltman's condition, 

3ff 2 + g' 2 + 8A - 8A 2 = , (34) 

which is supposed to hold at A. There are two competing effects. First, A t gets smaller 

and smaller when the energy scale increases and consequently the predicted A (A) gets 

smaller for increasing A. Second, for a given A (A) a larger interval of running causes 

A, and thus m^, to be bigger at the low scale. The first effect turns out to win and 

rrih decreases with increasing A (see figure 1). In the peculiar SUSY scenario we 

are discussing, one should take these important effects into account to see whether 

Veltman's condition can be satisfied at some scale. Remarkably, the scale at which 

Veltman's condition holds [with A = (l/8)(g 2 + g' 2 ) cos 2 2(3} turns out to be around 

the string scale! More precisely, A ~ 10 18 GeV for tan /3 1 and A ~ 10 25 GeV for 

tan/5 = 1. Running A down in energy one obtains rrih — 140 — 150 GeV as a further 

prediction of this model. 

We consider this scenario, somewhat reminiscent of Split Supersymmetry [24], as 

a mere curiosity. The reasons that prevent us from taking it seriously are manifold: 

first, there is in principle no theoretical reason to expect that Veltman's condition 

should be satisfied, even though the couplings g,g', A and X t can all be related to the 

string coupling, and for a particular string vacuum this could be the case. Second, the 

fulfillment of Veltman's condition at higher loop order is more difficult to justify or 

even impossible (which is a problem given the large value of fh). Third, the condition 

ml(h = 0) — fh is equally difficult to justify theoretically, especially in the Higgs sector, 

10 It is instructive to work out explicitly (32) to check (33). One has to make use of the SUSY 
relation A = (1/8) (g 2 + g' 2 ) cos 2 2/3. 
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which involves both SUSY and soft masses. Even generating \x through the Giudice- 
Masiero mechanism [25] requires tuning to achieve the desired universality. Finally, 
the MSSM relation A = l/8(g 2 + g' 2 ) cos 2 2/3 we have used to evaluate m receives 
^U§Y' contributions which (as discussed above) are important for \J~F ~ M, which is 
the case now. Moreover, the appropriate framework to study this problem is SUGRA 
rather than the conventional MSSM with global SUSY. 

5 Summary and Conclusions 

In the first part of this paper (sections 1-3) we have re-examined the use of the Big 
Hierarchy Problem of the SM to estimate the scale of New Physics (NP). The com- 
mon argument is based on the size of the quadratically-divergent contributions to the 
squared Higgs mass parameter, m 2 . Treating the SM as an effective theory valid below 
Asm, and imposing that those contributions are not much larger than m| ~ 2m 2 itself, 
one obtains A S m ^2 — 3 TeV. 

It has been argued in the literature (e.g. [3]) that, if mu lies (presumably by accident) 
close to the value that cancels the quadratic contributions (i.e. the famous Veltman's 
condition), Asm could be much larger. However, as we have shown in section 2, a 
complete evaluation of the fine-tuning (which should include the sensitivity to the top 
Yukawa coupling and the Higgs self-coupling) indicates that this is not the case at 
present. 

Then, we have examined the limitations of the Big Hierarchy argument to estimate 
the scale of new physics. In our opinion the reasoning, as usually presented and sum- 
marized above, is arguably too naive, as it implicitly assumes that the SM quadratically 
divergent contributions, cut off at Asm, remain uncancelled by the effect of NP, except 
for accidents or artificial tunings. However, the NP diagrams give a non-negligible 
contribution already below Asm, and do not cancel exactly the SM contributions above 
Asm- Remnants of this imperfect cancellation are finite and logarithmic contributions 
from NP, which are not simply given by the SM divergent part cut off at A S m (the fa- 
miliar example is SUSY, as discussed in sect. 3). The general analysis presented here, 
based on a model-independent study of the one-loop effective potential, shows that, 
quantitatively, these contributions are typically larger than the estimate of the "naive" 
Big Hierarchy argument. Hence, from fine-tuning arguments one can keep Asm ^52 — 3 
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TeV as a conservative bound. 

Although very general, this kind of analysis still has limitations. One is that it 
assumes that the (4D) Higgs field continues to be a fundamental degree of freedom 
above Asm- Another is that, besides the cancellation of quadratic contributions, the 
other dangerous NP contributions [shown explicitly in eq. (17)] could also cancel or be 
absent. This might happen by accident or for some fundamental and unknown reason 
(we have presented some amusing, though not very realistic, examples). In that case 
fine-tuning arguments would be misleading. 

In order to derive more accurate implications for new physics from fine-tuning 
arguments, one must consider specific possibilities for NP. This is the goal of the 
second part of the paper (section 4), where we have examined in closer detail two 
physically relevant examples of NP: right-handed (seesaw) neutrinos and SUSY. They 
also illustrate the general conclusions obtained in the previous sections. 

Right-handed seesaw neutrinos with a large Majorana mass, Mr, contribute quadrat- 
ically divergent corrections to the Higgs mass, as well as finite and logarithmic contri- 
butions which are especially dangerous as their size is associated to Mr (expected to 
be very large). Demanding that these finite and logarithmic corrections are not much 
larger than m 2 itself translates into the upper bound M R < 10 7 GeV, which spoils the 
naturalness of the seesaw mechanism to explain the smallness of m v . The conclusion 
is that, in the context of the SM, the seesaw mechanism suffers a very important fine- 
tuning problem which claims for the existence of additional NP. In this sense, we have 
argued that SUSY is the favourite framework to accommodate the seesaw mechanism. 

Finally, SUSY is a typical example where the "Big Hierarchy" bound, Asm ~ 2 — 3 
TeV, is indeed conservative: standard fine-tuning analyses (updated in this paper to 
incorporate the upward shift in the top mass) show that the MSSM is fine-tuned at 
least by a few % for soft masses < few hundred GeV. We have reviewed the reasons for 
this abnormally acute tuning, an important one being the logarithmic enhancement of 
the NP corrections to m 2 . 

We have shown that the MSSM problems can be alleviated in other types of scenar- 
ios. In particular, we have stressed the fact that low ^U-SY scenarios can easily evade 
the problematic MSSM aspects, decreasing the fine-tuning dramatically and essentially 
saturating the general bound. 
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